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Abstract
We show that the regularized Riesz α-energy for closed submanifolds M in Rn blows up
as M degenerates to have double points if α ≤ −2 dimM . This gives theoretical foundation
of numerical experiments to evolve surfaces to decrease the energy which have been carried
out since 90’s.
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1 Introduction
The energy of a knot
E(K) =
∫
K
[
lim
ε→0+
(∫
K,|x−y|≥ε
dy
|x− y|2 −
2
ε
)]
dx (1.1)
was introduced in [11]1 motivated by a problem proposed by Fukuhara and Sakuma to ask for a
functional on the space of knots which produces an “optimal knot” for each isotopy class (knot
type) as an embedding that gives the minimum value within the isotopy class. For this purpose
we like to evolve a knot along the gradient of the functional. To prevent self-crossing during the
evolution process since it might change the knot type, we impose our functional to blow up if a
knot degenerates to a singular knot with double points. This property is called self-repulsiveness
([11]) and has been studied in [2, 5, 10, 12, 17, 19] etc. We remark that this property is called
charge in [5].
It turns out that the energy E is invariant under Mo¨bius transformations T of R3 ∪ {∞}
that do not open the knot, i.e. E(T (K)) = E(K) as far as T (K) is compact. The Mo¨bius
invariance was proved by Freedman, He, and Wang [6], and E+4 is called the Mo¨bius energy of
knots. They used Mo¨bius invariance to show that in each prime knot type there is a knot that
minimizes the energy E in the knot type. Other Mo¨bius invariant knot energies were studied in
[9, 10].
∗Supported by JSPS KAKENHI Grant Number 19K03462.
1 To be precise, in [11] we defined the energy by EO(K) =
∫
K
[
lim
ε→0+
(∫
K,dK(x,y)≥ε
dy
|x− y|2
−
2
ε
)]
dx, where
dK(x, y) is the arc-length between x and y along the knot. As was pointed out in [14] Remark 2.2.1, EO(K) and
E(K) coincide.
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Various generalizations of E have been studied. Note that the energy is obtained by the
regularization (renormalization) of a divergent integral
∫∫
K×K |x − y|−2dxdy. The technique
used in (1.1) is called Hadamard’s regularization, which was applied to surfaces by Auckly and
Sadun [1]. Doyle and Schramm found the cosine formula of E(K) (reported in [1, 9]), which
was generalized for surfaces and closed submanifolds by Kusner and Sullivan [9]. In both cases,
the generalization was carried out keeping the Mo¨bius invariance property. On the other hand,
Brylinski reformulated the energy E using analytic continuation (meromorphic regularization),
which was generalized to higher dimension by Fuller and Vemuri [7] and also to compact bodies
by Solanes and the author [16].
In higher dimensions, while the Mo¨bius invariance has been studied in [1, 9, 16], the self-
repulsiveness does not seem to have been studied as far as the author knows except for the
case of integral Menger curvature [18], even though numerical experiments to evolve surfaces
so as to decrease the energy have been carried out since 90’s, for example [3]. In this paper
we show the self-repulsiveness of the generalized energies for surfaces and higher dimensional
closed submanifolds in Rn when the energies are either scale invariant or “stronger” (subcritical)
using results of recent studies on regularized Riesz energies [15, 16]. Thus we give theoretical
foundation of numerical experiments. We also discuss the behavior or the energy when surfaces
have double points.
Acknowledgement: The author would like to thank Professor Paul M.N. Feehan for the
inquiry of this problem.
2 Preparation from regularized Riesz energies
Let us explain a general scheme of Hadamard regularization. Suppose
∫
X ω blows up on ∆ ⊂ X.
Restricts the integration to the complement of an ε-neighborhood of ∆, expands the result in a
Laurent series in ε (possibly with a log term and terms with non-integral powers), and finally
take the constant term in the series. The constant is called Hadamard’s finite part of the integral,
denoted by Pf.
∫
X ω. It can be considered as a generalization of Cauchy’s principal value.
For an m-dimensional closed submanifold M in Rn and for any real number α we define the
regularized α-energy Eα(M) by
Eα(M) =
∫
M
(
Pf.
∫
M
|x− y|αdy
)
dx
([16]). Note that we do not need regularization when α > −m. The argument in [16] shows that
Eα(M) is same as the quantity obtained by applying meromorphic regularization (regularization
via analytic continuation) to z 7→ ∫∫M×M |x− y|zdxdy, where z is a complex variable. This is
why we can use the results in [15, 16] which have been obtained by meromorphic regularization.
In what follows we fix the dimensions of submanifolds, m, and of the ambient space, n.
Definition 2.1 Let ε0, b, V be positive numbers. Let M(k, ε0, b, V ) (k ≥ 3) be the set of
immersed submanifolds M ′ in Rn with volume not greater than V such that for each M ′ there
is a closed manifold M of class Ck and an immersion f : M → M ′ = f(M) of class Ck that
satisfy the following conditions.
(1) For any point x of M ′, f−1(Bε0(x) ∩M ′) is a disjoint union of W1, . . . ,Wℓ.
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(2) Each Wi is C
k-diffeomorphic to an m-ball.
(3) The restriction of f to Wi is a C
k-diffeomorphism to W ′i = f(Wi) ⊂M ′ for each i.
(4) Each W ′i can be expressed as a graph of a function of class C
k
hi : Ui →
(
TxW
′
i
)⊥ ∼= Rn−m, Ui ⊂ TxW ′i
that satisfies |∂µhi| ≤ b on Ui for any multi-index µ with 0 ≤ |µ| ≤ k.
As above, put ψx,i(t) (1 ≤ i ≤ l, 0 ≤ t ≤ ε0) to be the volume of Bt(x)∩W ′i . Proposition 2.3
of [15], which is a kind of Ck analogues of Theorem 3.3 of [7] and Proposition 3.1 and Corollary
3.2 of [16], implies that each ψ′x,i(t) can be expressed by
ψ′x,i(t) = t
m−1 ϕx,i(t),
for some ϕx,i(t) of class C
k−2 that satisfies
ϕx,i(0) = σm−1, ϕ
(2j−1)
x,i (0) = 0 (1 ≤ 2j − 1 ≤ k − 2),
where σm−1 is the volume of the unit (m− 1)-dimensional sphere.
We remark that the reason why the regularity of ϕx,i is lower than that of hi by 2 is to
include 0 in the domain of ψx,i and ϕx,i. We need a step to substitute a function g satisfying
g(0) = g′(0) = 0 by g(t)/t, where the differentiability drops.
The proof of Proposition 2.3 of [15] implies that ψ
(j)
x,i(t) (0 ≤ j ≤ k−1) depends continuously
on ∂µhi (0 ≤ |µ| ≤ j + 1). Since ϕ (j)x,i (t) ≡ 0 for j ≥ 1 if hi ≡ 0, there holds
Lemma 2.2 Put α = max{⌊−α⌋ −m, 0} for α ∈ R. There is a positive constant b = b(α, ε0, b)
such that
∣∣ϕ (j)x,i (t)∣∣ ≤ b for any M ′ ∈ M(α + 3, ε0, b, V ), x ∈ M ′, i, j with 1 ≤ j ≤ α + 1 and
t ∈ [0, ε0].
Lemma 2.3 For any real number α and for any positive numbers ε0, b, V there is a positive
number b0 = b0(α, ε0, b) such that for any M
′ in M(α + 3, ε0, b, V ), for any point x in M ′, for
any W ′i , where W
′
i is as in Definition 2.1, we have∣∣∣∣∣Pf.
∫
Bε0 (x)∩W
′
i
|x− y|αdy
∣∣∣∣∣ ≤ b0.
Proof. We may assume that α ≤ −m and hence α = ⌊−α⌋ −m since if α > −m then the
conclusion is trivial as the integral converges without regularization.
We use the convention ξ0/0 = log ξ fot ξ > 0 in what follows to make the formulae simpler.
The argument in what follows is somehow parallel to that in [15, 16]. We use the coarea
formula to reduce the integrand of the energy into an integral of the form which has been studied
in the theory of generalized functions [8] (cf. [4, 7]).
For 0 < ε ≤ ε0 we have∫
(Bε0 (x)∩W
′
i )\Bε(x)
|x− y|αdy =
∫ ε0
ε
tα+m−1 ϕx,i(t) dt. (2.1)
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Noting that ϕx,i(t) is of class α+ 1 we see
∫ ε0
ε
tα+m−1 ϕx,i(t) dt=
∫ ε0
ε
tα+m−1

ϕx,i(t)− α∑
j=0
ϕ
(j)
x,i(0)
j!
tj

 dt (2.2)
+
α∑
j=0
ϕ
(j)
x,i(0)
(α+m+ j)j!
(
ε0
α+m+j − εα+m+j) . (2.3)
We agree that if α ∈ Z the last term of (2.3) when j = α, where α = −α−m, is meant to be
ϕ
(α)
x,i (0)
α !
(log ε0 − log ε)
by our convention ξ0/0 = log ξ for ξ > 0.
As
ϕx,i(t) =
α∑
j=0
ϕ
(j)
x,i(0)
j!
tj +
ϕ
(α+1)
x,i (ct)
(α+ 1)!
tα+1 (0 < ∃c < 1), (2.4)
Lemma 2.2 implies that∣∣∣∣∣∣tα+m−1

ϕx,i(t)− α∑
j=0
ϕ
(j)
x,i(0)
j!
tj


∣∣∣∣∣∣ ≤
b
(α+ 1)!
tα+m+α, (2.5)
where b = b(α, ε0, b) is a positive constant given by Lemma 2.2. Since α + m + α > −1 the
integral in the right hand side of (2.2) converges as ε tends to 0.
Therefore, by subtracting negative power terms of ε and a log term if exists, we obtain
Hadamard’s finite part:
Pf.
∫
Bε0 (x)∩W
′
i
|x− y|αdy= lim
ε→0+

∫ ε0
ε
tα+m−1 ϕx,i(t) dt+
α∑
j=0
ϕ
(j)
x,i(0)
(α+m+ j)j!
εα+m+j


=
α∑
j=0
ϕ
(j)
x,i(0)
(α+m+ j)j!
ε0
α+m+j (2.6)
+
∫ ε0
0
tα+m−1

ϕx,i(t)− α∑
j=0
ϕ
(j)
x,i(0)
j!
tj

 dt. (2.7)
Since
∣∣ϕ (j)x,i (0)∣∣ ≤ b (1 ≤ j ≤ α) by Lemma 2.2, (2.5), (2.6) and (2.7) imply∣∣∣∣∣Pf.
∫
Bε0 (x)∩W
′
i
|x− y|αdy
∣∣∣∣∣ ≤ σm−1|α+m| ε0α+m +
α+1∑
j=1
b
|α+m+ j| j! ε0
α+m+j ,
which completes the proof. ✷
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3 Self-repulsiveness of energies
We say that a functional on the space of submanifolds of Rn is self-repulsive with respect to
Ck-topology if the value of the functional blows up as a submanifold approaches with respect
to Ck-topology to an immersed submanifold with double points.
3.1 Regularized Riesz energy
3.1.1 Self-repulsiveness
The regularized α-energy Eα restricted to M(α + 3, ε0, b, V ) is self-repulsive with respect to
C0-topology if α ≤ −2m in the following sense.
Theorem 3.1 Let ε0, b, V > 0. If α ≤ −2m then for any positive number C there is a positive
number δ such that if an embedded closed submanifold M ∈ M(α + 3, ε0, b, V ) satisfies the
following conditions then Eα(M) > C.
(1) There are an immersed submanifold M ′ ∈ M(α+ 3, ε0, b, V ) with a double point x′ and a
Cα+3-immersion f : M →M ′ = f(M) such that |f(x)− x| < δ for any x in M .
(2) f−1
(
Bε0(x
′)∩M ′ ) is a disjoint union ofW1, . . . ,Wl (l ≥ 2), eachWi is Cα+3-diffeomorphic
to an m-ball, and that f |Wi : Wi →M ′ is a Cα+3-embedding.
Proof. Lemma 2.2 implies that one can find a positive number ε1 with ε1 ≤ ε0 such that if
M ′ ∈ M(α+ 3, ε0, b, V ) then for any x′ ∈M ′ and for any ρ with 0 < ρ ≤ ε1 we have
Vol
(
(Bρ(x
′) \Bρ/2(x′)) ∩Wi
) ≥ 0.9(1− (1
2
)m)
ρmVol(Bm) ∀i,
where Wi is as in Definition 2.1 and B
m is a unit m-ball. Put c1 = 0.9 (1− (1/2)m) Vol(Bm) so
that the right hand side above is given by c1ρ
m.
Let W0(x, ε) denote the connected component of Bε(x) ∩M that contains a point x of M .
Assume M ∈ M(α + 3, ε0, b, V ) satisfies the conditions (1) and (2) of the theorem. Put
xi = (f |Wi)−1(x′) (i = 1, 2). Since the curvature is bounded there is a positive number ε2 =
ε2(α, ε0, b) such that Br(xi) ∩Wi coincides with W0(xi, r) if 0 < r ≤ 2ε2 for each i.
Put ε3 = min{ε1, ε2 , 1}. Consider a pair of “annuli”
A1(ρ) = (Bρ(x1) \Bρ/2(x1)) ∩W1, A2(ρ) = (Bρ(x2) \Bρ/2(x2)) ∩W2 (0 < ρ ≤ ε3).
Since |x1−x2| < 2δ, if x ∈ A1(ρ) and y ∈ A2(ρ) then |x−y| < 2ρ+2δ. Therefore the interaction
energy between A1(ρ) and A2(ρ) can be estimated from below by∫
A1(ρ)
∫
A2(ρ)
|x− y|α dxdy ≥ (2ρ+ 2δ)α(c1ρm)2 = 2αc21 ρ2m+α
(
1 +
δ
ρ
)α
Let the right hand side above be denoted by λα(δ, ρ). It is a decreasing function of δ if we fix ρ.
Since W0(xi, ε3) = Bε3(xi) ∩ Wi (i = 1, 2) includes the disjoint union of the interiors of
Ai(2
−jε3) (j ≥ 0), which we denote by intAi(2−jε3), we have
W0(x1, ε3)×W0(x2, ε3) ⊃
⊔
j≥0
intA1(2
−jε3)× intA2(2−jε3).
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Remark that if x ∈ W0(x1, ε3) then W0(x, ε3) and W0(x2, ε3) are disjoint because W0(x, ε3) ⊂
W0(x1, 2ε2) ⊂W1, W0(x2, ε3) ⊂W0(x2, 2ε2) ⊂W2, and W1 and W2 are disjoint by the assump-
tion (2). Therefore,
Eα(M) =
∫
M
(∫
M\W0(x,ε3)
|x− y|αdy + Pf.
∫
W0(x,ε3)
|x− y|αdy
)
dx
≥
∫
W0(x1,ε3)
(∫
W0(x2,ε3)
|x− y|αdy
)
dx+
∫
M
(−b0(α, ε3, b)) dx
≥
∞∑
j=0
λα
(
δ,
ε3
2j
)
− b0(α, ε3, b)V, (3.1)
where b0(α, ε3, b) is the constant given in Lemma 2.3. Put
l0 =
⌈
C + b0(α, ε3, b)V
22αc21
⌉
and δ0 =
ε3
2l0
,
then as ε3 ≤ 1 and 2m+ α ≤ 0 we have
l0∑
j=0
λα
(
δ0,
ε3
2j
)
≥
l0∑
j=0
λα
(ε3
2j
,
ε3
2j
)
= 22αc21
l0∑
j=0
(ε3
2j
)2m+α
> 22αc21l0 ≥ C + b0(α, ε3, b)V,
which, together with (3.1), implies Eα(M) > C. ✷
We remark that our proof needs the condition (4) of M(α+ 3, ε0, b, V ) in Definition 2.1 for
technical reason. It was not necessary in the case of knots [11].
3.1.2 Behavior of the energy of surfaces with double points
In the case of knots, Eα(K
′) is finite even if K ′ has transversal self-intersection when α > −2
[13]. Let us study in the case of surfaces whether Eα(M
′) is finite or not if M ′ has a double
point when α > −4 according to the type of the double point.
(1) Suppose n ≥ 4 and M ′ has an orthogonal self-intersection at a point x′. Then for a
sufficientlly small positive number ρ, the order of contribution of M ∩Bρ(x′) to the energy can
be estimated by∫ ρ
0
∫ ρ
0
(
t2 + s2
)α/2
(2pi)2ts dsdt=4pi2 ρα+4
∫ 1
0
∫ 1
0
(
t2 + s2
)α/2
ts dsdt
=

8pi
2 ρα+4
√
2
α+2 − 1
(α+ 2)(α + 4)
if α > −4,
∞ if α ≤ −4.
Therefore, when the dimension n of the ambient space is greater than or equal to 4, Eα is
not self-repulsive if α > −4.
(2) SupposeM has a tangential double point. For example, if a neighbourhood of the tangent
point is isometric to that of the union of a unit sphere and a tangent plane, the contribution of
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a small neighbourhood of the tangent point to the energy can be estimated, up to multiplication
and summation by constants, by∫ R
0
(∫ R
0
((ρ
2
)4
+ r2
)α/2
r dr
)
ρ dρ∼
∫ R
0
ρ2α+5
2α+2(α+ 2)
dρ+O(1), 0 < R≪ 1,
which is finite if and only if α > −3, where we used a convention ξ0/0 = log ξ (ξ > 0) as before.
(3) Let us consider a degenerate case. Suppose M has a cone singularity, say, of the type
x2 + y2 − z2 = 0. Then the interaction energy between the upper and lower cones can be
estimated, up to multiplication by a constant, by∫ 1
0
(∫ 1
0
(r + ρ)αρ dρ
)
r dr =
∫ 1
0
rα+3
(α+ 1)(α + 2)
dr +O(1),
which is finite if and only if α > −4.
Assume α ≤ −4. Suppose {Mj} is a sequence of embedded surfaces that degenerate to a
singular surface with a double point with respect to C0-topology. Let xj and yj be points in Mj
such that the intrinsic (geodesical) distance between them in Mj is bounded below by a positive
constant and that |xj − yj| tends to +0 as j goes to ∞. Assume that xj and yj are at the tip of
conical protrusions, say C1j and C
2
j , whose “hights” are bounded below by a positive constant.
The interaction energy between C1j and C
2
j (the contribution of C
1
j × C2j to Eα(Mj)) can be
bounded if the “radii” of Cij (i = 1, 2) go to +0 according as |xj − yj| goes to +0, but then we
conjecture that the energies of Cij (i = 1, 2) blow up by the argument for the energy EAS of a
cylinder by Auckly and Sadun [1].
Thus we are lead to the following conjecture:
Conjecture 3.2 The regularized α-energy Eα for smooth closed surfaces is self-repulsive with
respect to C0-topology if and only inf α ≤ −4, while Eα restricted to the space of surfaces in
R
3 with curvature bounded by a constant b (b > 0) is self-repulsive if and only inf α ≤ −3.
3.2 Auckly-Sadun’s regularized surface energy
Auckly-Sadun’s surface energy [1] is given by
EAS(M) =
∫
M
[
lim
ε→0
(∫
M,|x−y|≥ε
dy
|x− y|4 −
pi
ε2
+
pi(κ1 − κ2)2
16
log
(
(κ1 − κ2)2ε2
)
+
piκ1κ2
4
)]
dx,
where κ1 and κ2 are principal curvatures of M at x, which implies that
EAS(M) =
∫
M
[
lim
ε→0
(∫
M,|x−y|≥ε
dy
|x− y|4 −
pi
ε2
+
pi(κ1 − κ2)2
8
log ε
)]
dx
+
pi
16
∫
M
(κ1 − κ2)2 log(κ1 − κ2)2dx+ pi
2
2
χ(M)
=
∫
M
(
Pf.
∫
M
dy
|x− y|4
)
dx+
pi
16
∫
M
(κ1 − κ2)2 log(κ1 − κ2)2dx+ pi
2
2
χ(M)
=E−4(M) +
pi
16
∫
M
(κ1 − κ2)2 log(κ1 − κ2)2dx+ pi
2
2
χ(M), (3.2)
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where χ(M) is the Euler characteristic. We remark that the second term of (3.2) was added to
make EAS Mo¨bius invariant, and that E−4(M) is not Mo¨bius invariant as was pointed out in
[16].
Now the self-repulsiveness in the sense of Theorem 3.1 of Auckly-Sadun’s surface energy
follows from that of the regularized Riesz energy E−4.
3.3 Kusner-Sullivan’s (1 − cos θ)m energy
Let M be an m-dimensional oriented closed submanifold of class C2 in Rn. For a pair of points
of M , x and y, we define a Mo¨bius invariant angle θ = θM (x, y) as follows.
Let Σx(y) be an m-sphere which is tangent to M at x that passes through y. Remark that
Σx(y) is uniquely determined. Suppose Σx(y) is endowed with the orientation that coincides
with that ofM at point x. Put Πy = TyM and Πx = TyΣx(y). Let u1, . . . , um and v1, . . . , vm be
ordered orthonormal bases of Πx and Πy that give positive orientations of Πx and Πy respectively.
Let θ be the angle between u1 ∧ · · · ∧ um and v1 ∧ · · · ∧ vm in the Grassmannian, i.e.
cos θ = 〈u1 ∧ · · · ∧ um, v1 ∧ · · · ∧ vm〉 = det(ui · vj),
where ui · vj is the standard inner product of ui and vj . The angle θ is called combined angle in
[9]. Now Kusner-Sullivan’s energy [9] is given by
EKS(M) =
∫∫
M×M
(1− cos θM(x, y))m
|x− y|2m dxdy.
It is a natural generalization of the cosine formula of the energy for knots by Doyle and Schramm
([1, 9]).
Theorem 3.3 Kusner-Sullivan’s energy EKS, restricted to the space of submanifolds of class
C2 with curvature bounded by b (b > 0), is self-repulsive with respect to C2-topology.
Proof. Since EKS is continuous with respect to C
2-topology and the integrand is non-
negative, it is enough to show that if M ′ is an immersed submanifold with a double point x′
then for any positive number C there are positive numbers δ1, δ2 (δ1 < δ2) such that Aδ1,δ2 =
M ′ ∩ (Bmδ2(x′) \Bmδ1(x′)) satisfies∫∫
Aδ1,δ2×Aδ1,δ2
(1− cos θM(x, y))m
|x− y|2m dxdy > C.
Suppose for some ε0 > 0 Bε0(x
′) ∩M ′ =W ′1 ∪W ′2 with W ′i being diffeomorphic to Bm. Let
Πi be Tx′W
′
i (i = 1, 2). Assume that each W
′
i can be expressed as graph of a function hi from
a subset Ui of Πi to
(
TxW
′
i
)⊥ ∼= Rn−m. We use the coordinates of Πi so that x′ is the origin in
what follows. We take ε0 sufficiently small so tat Wi is enough close to Ui in C
1-topology.
We show that for any positive number C there are a natural number l and a set of mutually
disjoint subsets {V ij }i=1,2, 1≤j≤l of Ui such that
(1) h1(V
1
j ), h2(V
2
j′) (1 ≤ j, j′ ≤ l) are mutually disjoint.
(2)
l∑
j=1
∫
h1(V 1j )
∫
h2(V 2j )
(1− cos θM ′(x, y))m
|x− y|2m dxdy > C.
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To satisfy the condition (2), we look for V ij (i = 1, 2, j ∈ N) so that we can find a positive
constants c2, c3 such that
(a) if x ∈ h1(V 1j ) and y ∈ h2(V 2j ) then 1− cos θM ′(x, y) ≥ c2 for any j,
(b)
(
max
x∈h1(V 1j ), y∈h2(V
2
j )
|x− y|
)−2m
Vol
(
h1(V
1
j )
)
Vol
(
h2(V
2
j )
) ≥ c3 for any j.
This can be done as follows.
Case 1. Suppose W ′1 and W
′
2 are not tangent, i.e. Π1 6= Π2. One can find a positive
constant c2 and a pair of points p0 ∈ Π1 and q0 ∈ Π2 so that 1 − cos θΠ1∪Π2(p0, q0) > 2c2.
Put pj = 2
−jp0 and qj = 2
−jq0. Remark that θΠ1∪Π2(pj , qj) = θΠ1∪Π2(p0, q0) for any j
since Π1 and Π2 are affine m-planes. Take a natural number j0 such that if j ≥ j0 then
|θΠ1∪Π2(pj, qj)−θM ′(h1(pj), h2(qj))| < c2, which implies the condition (a) above. One can choose
positive numbers r and c3 so that V
1
j = B2−jr(pj) and V
2
j = B2−jr(qj) satisfy the conditions (1)
and (b) above for any j ≥ j0 since |pj − qj| ∼ 2−j|p0 − q0| and Vol
(
hi(V
i
j )
)
∼ 2−jmrmVol(Bm)
for i = 1, 2.
Case 2. Suppose W ′1 and W
′
2 are tangent, i.e. Π1 = Π2, which we denote by Π. First,
take a positive number ε1 (ε1 ≤ ε0) such that Π ∩ Bε1(x′) ⊂ U1 ∩ U2. Put Π(ε) = Π ∩ Bε(x′)
and W ′i (ε) = hi(Π(ε)) (i = 1, 2) for ε with 0 < ε ≤ ε1. We can choose a positive number ε2
(ε2 ≤ ε1) such that Thi(p)W ′i is close enough to Π for any p in Π(ε2) so that there are positive
numbers µ1, µ2 (µ1 < µ2) and c2 satisfying 1− cos θM ′(h1(p), h2(q)) > c2 for any p, q ∈ Π(ε2) if
(h1 − h2)(p) 6= 0 and µ1|h1(p)− h2(p)| ≤ |p− q| ≤ µ2|h1(p)− h2(p)|. Put µ = (µ1 + µ2)/2.
Next, note that sinceW ′1 andW
′
2 are tangent we have hi(0) = 0 and ∂1hi(0) = . . . ∂mhi(0) = 0
for i = 1, 2. Take the smallest k such that there is a coordinate axis ξ of Π that satisfies
∂ k(h1 − h2)
∂ξk
(0) 6= 0.
Take a positive number ε3 (ε3 ≤ ε2) so that if p (p 6= x′) is in the intersection of Π(ε3) and the
ξ-axis then h1(p) 6= h2(p). Take p0 (p0 6= x′) in the intersection of Π(ε3) and the ξ-axis and put
pj = 2
−jp0, h0 = |h1(p0) − h2(p0)|, and qj = pj − 2−jkµh0. Then we can find positive numbers
r and c3 such that V
1
j = B2−jkr(pj) and V
2
j = B2−jkr(qj) satisfy the conditions (1), (a) and (b)
above since |pj − qj| ∼ 2−jk|p0 − q0| and Vol
(
hi(V
i
j )
)
∼ 2−jkmrmVol(Bm) for i = 1, 2. ✷
We remark that even in the case of knots we used the bound of length and curvature to show
the self-repulsiveness for technical reason (cf. [10] Theorem 5.7).
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